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Abstract— This paper focuses on the downlink of a cell-free 
massive multiple-input multiple-output (MIMO) system in which each 
of the access nodes (ANs) is equipped with low-resolution digital-to-
analog converters (DACs). In particular, the system is assumed to 
operate over mmWave frequency with practical considerations such as 
pilot contamination and hybrid precoding scheme. By mimicking the 
effect of few-bit DACs with the additive quantization noise model 
(AQNM), a tight approximate rate expression is derived and analyzed 
with some simulation results, which provide deep understanding of the 
impacts from the few-bit quantization as well as channel estimation 
error on the performance of cell-free mmWave massive MIMO. 

Keywords—Cell-Free massive MIMO, mmWave, Hybrid 
precoding, Low-Resolution DAC, Additive quantization noise model 

I.  INTRODUCTION  
Owing to the capabilities of providing uniformly higher data 

rates to everyone in anywhere, cell-free massive MIMO (CF-M3) 
is considered as one of the key candidate technologies in future 
5G+ and 6G wireless communication systems [1], [2]. More 
specifically, the CF-M3 system has an architectural feature 
wherein, under the coordinating control of a central processing 
unit (CPU), a very large number of distributed ANs 
simultaneously and jointly serve a much smaller number of user 
equipments (UEs) across the cells at a geographical scale.  

More recently, some synergies between mmWave and CF-
M3 were studied in [3], [4], where the combined technique so 
called Cell-Free MmWave Massive MIMO (CF-M4) is shown 
that it can fully utilize three-dimensions, such as spectrum, 
spectral efficiency, and network densification in wireless 
capacity and it may become to be one of the future-proof 
wireless transmission techniques to accommodate explosively 
ever-increasing mobile traffic. The increase in the number of RF 
chains and ANs, however, significantly increases the network 
power consumption in the CF-M4 where each of ANs is 
equipped with multiple RF chains. Therefore, by lowering the 
resolution of the DAC, the network power consumption in the 
CF-M4 can be reduced, and the deployment cost can also be 
reduced due to the low cost of the low-resolution DAC. The 
authors in [5] derive a tight approximate downlink rate 
expression with the AQNM in closed-form to capture the 
quantization noise due to few-bit ADCs/DACs, under the 
condition that all ANs performs full-digitally simple conjugate 
precoding with their local channel state information (CSI). Only 

very recently, work in [6] considers a CF-M4 system composed 
of ANs equipped with low-resolution DACs, and jointly 
analyzes the performance impact along with the compression 
quantization effect according to the fronthaul capacity constraint. 
However, the system of [6] is impractical because it assumes an 
ideal channel without pilot contamination and channel 
estimation error. In addition, although zero-forcing digital 
precoding is considered, the corresponding RF beamforming 
design method is not clearly presented as a hybrid precoding 
scheme for the cell-free mmWave operation. 

Inspired by the related works, this paper presents the 
downlink performance on the achievable rate lower bounds of 
CF-M4 system, where a mmWave hybrid precoding is 
performed at all APs equipped with low-resolution DAC 
quantization. To the aim, we adopt the combined zero-forcing 
baseband precoding and a simple RF beamforming as the hybrid 
precoding scheme, and leverage the AQNM model to cover 
some imperfect quantization error due to the few-bit DAC. 
Additionally, the negative effects of the pilot contamination and 
channel estimation error are also considered altogether. 

II. SYSTEM MODEL FOR CF-M4 WITH LOW-RESOLUTION  DACS 
This paper assumes the same CF-M4 system model as that in 

[4], excepting that each AN is equipped with few-bit DACs. 
More specifically, 𝑀𝑀  ANs are ultra-densely distributed in a 
geographical area and all of them jointly serve a 𝐾𝐾  single-
antenna UEs. Each AN is assumed to have 𝐿𝐿 RF chains which 
are connected with an array of 𝑁𝑁 antennas in a way of the fully-
connected architecture where a pair of 𝐵𝐵-bit DACs are used to 
generate the in-phase and quadrature (I/Q) components of the 
downlink baseband signal in each RF chain at ANs. For 
simplicity, it is assumed that every AN uses the same 𝐵𝐵 bits. 

A. Uplink Training 
According to time-division duplexing (TDD) mode, all UEs 

need to simultaneously send their pilot sequences to all ANs, 
each of which can receive them through its multiple RF chains 
estimate and estimate the uplink effective channels  𝒈𝒈�� ��𝑾𝑾�����𝒉𝒉�� where 𝒉𝒉�� ∈ ℂ��� is the channel vector from user 
𝑘𝑘 to AN 𝑚𝑚 and 𝑾𝑾��� ∈ ℂ��� is the RF beamforming matrix of 
AN 𝑚𝑚. In this paper, the SLNRmax-SA method is used for the 
design of 𝐖𝐖���  with the guidelines in [4, Section 2.3]. More 
specifically, it is assumed that every AN is able to acquire its 
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spatial channel covariance matrix 𝑹𝑹�� � 𝔼𝔼�𝒉𝒉��𝒉𝒉��� �,∀𝑘𝑘,𝑚𝑚 
through some large-scale channel estimation methods [3] and it 
calculates the simple average given by 𝑹𝑹�� � ∑ 𝑹𝑹������ /𝐾𝐾 in 
each the pre-defined multiple-times of the coherence interval. 
Then, 𝑾𝑾���is designed as follows: 

𝑾𝑾��� � �exp��∡𝒘𝒘�,��� �⋯ exp��∡𝒘𝒘�,��� ��                 (1) 

where 𝒘𝒘�,���  is the eigenvector associated with 𝑙𝑙 -th largest 
eigenvalue of 𝑹𝑹�� and ∡𝒘𝒘 represents the phase angles (in unit of 
radian) for each element of the eigenvector 𝒘𝒘. In the sequel, AN 
𝑚𝑚,𝑚𝑚 � 1, … ,𝑀𝑀 calculates the estimates 𝒈𝒈���,∀𝑘𝑘 by using the 
minimum mean square error (MMSE) channel estimation 
method [7]. 

 Let 𝝋𝝋� ∈ ℂ���� represent the pilot sequence assigned to UE 
𝑘𝑘, where 𝜏𝜏� depicts the length of the pilot sequence. Then, the 
received pilot sequence at the AN 𝑚𝑚 can be shown as  

𝒚𝒚��� � ∑ �𝜌𝜌���𝑾𝑾�����𝒉𝒉�� 𝝋𝝋������ � 𝒏𝒏���                (2) 

where 𝜌𝜌��  is the total transmit power of the pilot sequence and 
𝒏𝒏��� ∈ ℂ���� models the AWGN matrix. All entries in 𝒏𝒏��� are 
independent and identically distributed (i.i.d) elements that 
follow the distribution  𝒞𝒞𝒞𝒞�0,𝜎𝜎��. It is generally assumed to be 
𝜏𝜏� � 𝐾𝐾  so that the allocated pilot sequences are not fully 
orthogonalized among UEs, which can cause some pilot 
contamination between co-pilot UEs. Based on the MMSE 
principle, the MMSE channel estimate 𝒈𝒈��� is given by  

𝒈𝒈��� � �𝜌𝜌��𝑹𝑹𝒈𝒈��𝚽𝚽����𝒚𝒚���𝝋𝝋�∗                        (3) 

with two definitions of 𝑹𝑹𝒈𝒈�� � �𝐖𝐖�����𝑹𝑹���𝐖𝐖����∗  and 
𝚽𝚽�� � 𝜌𝜌�� ∑ 𝑹𝑹𝒈𝒈��|𝝋𝝋��𝝋𝝋�∗ |����� � 𝜎𝜎�𝐈𝐈� . The statistics of the 
MMSE channel estimate are given by  

𝒈𝒈���~𝒞𝒞𝒞𝒞 �0,𝜌𝜌��𝑹𝑹𝒈𝒈��𝚽𝚽����𝑹𝑹𝒈𝒈��
� �                   (4) 

Due to the well-known uncorrelated relationships between 𝒈𝒈�� 
and 𝒈𝒈��� , the channel estimation error can be quantified as 
𝒈𝒈��� � 𝒈𝒈�� � 𝒈𝒈���. 

B. Downlink Data Transmission 
In this subsection, the signal model that sheds light on the 

downlink data transmission with few-bit DACs in CF-M4 
system is addressed. Let 𝒔𝒔 � �𝑠𝑠�, 𝑠𝑠�, … , 𝑠𝑠��� ∈ ℂ��� depict the 
signal vector for the UEs that follows 𝔼𝔼�𝒔𝒔𝒔𝒔�� � ��. Let us also 
define the effective MIMO channel matrix between the UEs and 
ANs as 𝑮𝑮 � �𝑮𝑮��  ⋯  𝑮𝑮�� ��, with 𝑮𝑮� � �𝒈𝒈��,⋯ ,𝒈𝒈��� ∈ ℂ���. 
By exploiting the instantaneously estimated 𝒈𝒈���  (short-term 
CSI) and their long-term statistics in the uplink training phase, 
every AN digitally precodes the weighted (with power control 
diagonal matrix 𝑷𝑷 � diag��𝑝𝑝�,⋯ ,𝑝𝑝��� ∈ ���� , 𝑝𝑝� � 0) data 
signals intended for all UEs in its base-band module, of which 
the output depicted by 𝒙𝒙���  in AN 𝑚𝑚  is inputted into low-
resolution DACs. For avoiding inter-user interferences in cell-
free operation, zero-forcing (ZF) digital precoding [8] is 
assumed to be used in this paper.  

TABLE I.  THE VALUES OF 𝛼𝛼� FOR B-BIT QUANTIZATION 

 

Then, using these notations and assumptions, the 
unquantized ZF-precoded signal 𝒙𝒙��� is represented by 

𝒙𝒙��� � 𝑾𝑾���𝑷𝑷
�
�𝒔𝒔 � 𝑮𝑮��∗ �𝑮𝑮��𝑮𝑮�∗���𝑷𝑷

�
�𝒔𝒔               (5) 

where 𝑾𝑾��� � 𝑮𝑮��∗ �𝑮𝑮��𝑮𝑮�∗��� is the ZF linear precoder for 𝑚𝑚th 
AN,  𝑮𝑮�� � 𝑮𝑮� � 𝑮𝑮��, and  𝑮𝑮� � 𝑮𝑮 � 𝑮𝑮�. 

For modeling the output signal 𝒙𝒙��  of few-bits DACs with 
the input 𝒙𝒙���, the DACs installed in all ANs are assumed to have 
the same resolution (B-bit), without loss of generality, and the 
linear AQNM is introduced. Note that the AQNM can well 
approximate the nonlinear distortion of low-resolution DACs as 
a linear gain with the additive quantization noise [9], which has 
been extensively used in the quantized MIMO systems [10]. 
Consequently, the quantized signal 𝒙𝒙��  can be expressed as 

𝒙𝒙�� � ℚ��𝒙𝒙���� � 𝛼𝛼�𝒙𝒙��� � 𝒒𝒒�                     (6) 

where ℚ��∙� denotes the scalar quantization function mapping 
the input 𝒙𝒙��� into the output 𝒙𝒙��  according to AQNM and 𝛼𝛼���1 � 𝛽𝛽��  is a linear gain with 𝛽𝛽�  denoting the distortion 
parameter of the B-bit DACs. Specifically, 𝛽𝛽� is defined to be a 
ratio of the quantizer error variance to quantizer input variance 
[9] and the exactly approximated values of 𝛼𝛼� are listed in Table 
I. In addition, 𝒒𝒒�  denotes the additive Gaussian quantization 
noise vector following 𝒞𝒞𝒞𝒞��,𝑹𝑹𝒒𝒒�� , where the covariance 
matrix 𝑹𝑹𝒒𝒒� is represented by 

𝑹𝑹𝒒𝒒� � 𝛼𝛼��1 � 𝛼𝛼��diag�∑ 𝐰𝐰�������� �𝐰𝐰������𝑝𝑝��       (7) 

Letting 𝒙𝒙�  depict the transmitted signal at 𝑚𝑚 th AN, 𝒙𝒙� �
𝑾𝑾���𝒙𝒙��  and the signal vector received at UEs 𝒚𝒚 ∈ ℂ��� can be 
represented as  

𝒚𝒚 � ∑ 𝑯𝑯������ 𝒙𝒙� � 𝒏𝒏  
�  ∑ �𝛼𝛼�𝑯𝑯�� 𝑾𝑾���𝑾𝑾���𝑷𝑷

�
�𝒔𝒔 � 𝑯𝑯�� 𝑾𝑾���𝒒𝒒������ � 𝒏𝒏  

� ∑ �𝛼𝛼�𝑮𝑮�� 𝑮𝑮��∗ �𝑮𝑮��𝑮𝑮�∗���𝑷𝑷
�
�𝒔𝒔 � 𝑮𝑮�� 𝒒𝒒������ � 𝒏𝒏           (8) 

where 𝒏𝒏 is AWGN vector. From (8), the signal received at UE 
𝑘𝑘 can be re-casted as 

𝑦𝑦� � 𝛼𝛼��𝑝𝑝�𝑠𝑠��������
������� ������ �����

� 𝛼𝛼�𝒈𝒈���𝐆𝐆�∗�𝐆𝐆��𝐆𝐆�∗���𝐏𝐏
�
�𝐬𝐬���������������

������� ���������� ����� ������
 

� ∑ 𝒈𝒈��� 𝒒𝒒�,�����������������
������������ ����� �����

� ��                                        (9) 

where 𝒈𝒈�� ∈ ℂ���� is 𝑘𝑘th column vector in the corresponding 
matrix 𝑮𝑮� � 𝑮𝑮 � 𝑮𝑮�. 

𝐵𝐵 1 2 3 4 5 6-15 

𝛼𝛼�  0.6366 0.8825 0.96546 0.990503 0.997501 1-�√�� 2��� 
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III. PERFORMANCE ANALYSIS FOR DOWNLINK DATA RATE 
In this section, a tight approximate data rate expression for 

the low-resolution DAC quantized CF-M4 system in downlink is 
derived, taking into consideration both channel estimation error 
due to pilot contamination and quantization noise captured with 
AQNM. In (9), the sum of the CEE�, QN�, and 𝑛𝑛� on the right- 
hand side (RHS) is so called interference-plus-quantization-
plus-noise (IQN), which is uncorrelated with  DS�. Therefore, 
the use-and-then-forget (UtaF) capacity lower bounding 
techniques in [1], [3-6] can be applied to derive an achievable 
rate of UE 𝑘𝑘 using the hybrid precoders of 𝑾𝑾��� and 𝑾𝑾���, for 
all 𝑚𝑚 𝑚 �1, … ,𝑀𝑀�, as 𝑅𝑅� � log��1 � SIQNR��, where SIQNR� 
is the signal-to-IQN ratio (SIQNR) of UE 𝑘𝑘 and is given by 

Here, 𝛾𝛾�  is the 𝑖𝑖 th element of the vector consisting of the 
diagonal components in the matrix 𝔼𝔼��𝐖𝐖����𝔼𝔼�𝒈𝒈��∗𝒈𝒈����𝐖𝐖��� 
and � � ∑ 𝔼𝔼�𝒈𝒈��� diag�∑ 𝐰𝐰�����𝐰𝐰������𝑝𝑝����� �𝒈𝒈��∗ ����� . In 
addition, this paper assumes the per-UE equal power control 
coefficients given by [4, equations (25) and (26)]. 

To provide simulation results on the achievable user rate in 
(10), all ANs and UEs are randomly distributed within a square 
of size 200200 m2, where the number of UEs is fixed to 30 and 
𝜏𝜏� is set to 16 for the pilot contamination. As pilot allocation 
strategies selecting co-pilot users, a balanced random pilot 
assignment (BRPA) scheme in [3] is used, where a pilot 
sequence for UEs is selected with cyclic sequential patterns from 
the set of total pilot sequences. For mmWave channel model, the 
outdoor channel model in [4] is assumed and a decorrelation 
distance of 50 m is set in this paper. Unless otherwise specified, 
the same system parameters in [4] are used. 

Fig. 1 plots the average user rate of CF-M4 versus number 
of ANs and resolution bits for DAC under the condition of AN 
with the number of RF chains 𝐿𝐿 � �4, 8, 16�  and the fixed 
number of antennas 𝑁𝑁 � 32. As you can see from the three 
graph results, the user rate is improved as either the number of 
RF chains or the number of ANs increases. The interesting point 
is that, irrespective of the numbers of ANs and RF chains, the 

user rate of 6-bits DAC resolution approaches that of the full-
resolution under a tolerable loss, which implies that low-
resolution DAC is a promising solution to the energy-efficient 
CF-M4 system. 

IV. CONCLUSION 
In this paper, the performance analysis of cell-free mmWave 

massive MIMO with low-resolution DAC quantization is 
evaluated in terms of the downlink user rate, with the focus on 
the influences of various system parameters such as the number 
of ANs, number of RF chains, and number of resolution bits for 
DAC. For this goal, a tight approximate rate expression has been 
derived and analyzed with the Monte-Carlo simulations, which 
provide deep understanding of the impacts from the few-bit 
quantization as well as channel estimation error on the mmWave 
hybrid precoding scheme in cell-free operation. Simulation 
results show that the user rate increases according to the 
numbers of ANs and RF chains while it converges at only 6-bits 
of the DAC quantization resolutions. 
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Fig. 1. Average user rate of CF-M4 versus number of ANs and resolution bits for DAC under a fixed number of antennas 𝑁𝑁=32; (left) number of RF chains 𝐿𝐿=4,
(middle) number of RF chains 𝐿𝐿= 8, (right) number of RF chains 𝐿𝐿=16. 

 
SIQNR� � 𝔼𝔼�|DS�|��

𝔼𝔼�|CEE�|�� � 𝔼𝔼�|QN�|�� � ��  

� 𝛼𝛼��𝑝𝑝�
𝛼𝛼�� ∑ 𝛾𝛾�𝑝𝑝����� � 𝛼𝛼��1 � 𝛼𝛼��� � �� 

(10)
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